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Abstract
Let fk() be the maximum number of vertices in a planar graph with diameter k and maximum degree . Let gk()
be the maximum number of vertices in a maximal planar graph with diameter k and maximum degree . Sey0arth has
shown that g2()= 3=2+1 for ¿ 8. Hell and Sey0arth have shown that f2()= 3=2+1 for ¿ 8. We compute
the exact maximum number of vertices in a planar graph and a maximal planar graph with diameter two and maximum
degree , for ¡ 8. c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
By a maximal planar graph we mean a planar graph which has an embedding in the plane so that
every face is a triangle.
Let fk() be the maximum number of vertices in a planar graph with diameter k and maximum
degree . Let gk() be the maximum number of vertices in a maximal planar graph with diameter
k and maximum degree .
Sey0arth has shown [2] that g2()= 3=2 + 1 for ¿ 8. Hell and Sey0arth have shown [1]
that f2()= 3=2 + 1 for ¿ 8. Fellows, Hell and Sey0arth also showed [3] that
9=2 + 1 − 36f3()6 8+ 12
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and
fk()=O(k=2);
In this paper, we discuss f2() and g2() for ¡ 8.
2. Some preliminary result
Lemma 2.1. Let G be a simple planar graph on n vertices with maximum degree ¡ 8 and let
x; y∈V (G) with xy∈E(G). Let A=N (x)− N [y]; B=N (y)− N [x] and suppose that |A|; |B|¿ 4;
then G has diameter at least three.
Proof. The proof is similar to that in [1].
Lemma 2.2. Let G be a simple planar graph with maximum degree ¡ 8; on n¿+5 vertices.
Suppose that xy∈E(G) is such that every vertex of V (G)− {x; y} is adjacent to x or y. Then G
has diameter at least three.
Proof. Partition the vertices of V (G)− {x; y} into three classes as follows: A=N (x)− N [y]; B=
N (y)−N [x] and S =N (x)∩N (y). Then n= |A|+ |B|+ |S|+ 2. Also, d(x)= |A|+ |S|+ 16 and
d(y)= |B|+ |S|+16. Thus, |B|= n−d(x)−1¿ n−−1¿ 4; |A|= n−d(y)−1¿ n−−1¿ 4.
By Lemma 2.1, G has diameter at least three.
3. The maximum numbers of vertices in a maximal planar graph with maximum degree ¡ 8
Let 9 2(5)= 9; 9 2(6)= 11; 9 2(7)= 12.
Lemma 3.1. Let G be a simple maximal planar graph with maximum degree =5; 6; 7; on n¿
9 2() vertices. If there exists an edge xy∈E(G) such that at least three vertices of V (G)−{x; y}
are adjacent to both x and y; then G has diameter at least three.
Proof. Partition the vertices of V (G) − {x; y} into four classes as follows: A=N (x) − N [y],
B=N (y)−N [x], S =N (x)∩N (y) and T =V (G)−N (x)−N (y). We have d(x)= |A|+ |S|+16,
d(y)= |B|+ |S|+16, |T |= n− |A| − |B| − |S| − 2¿ n+ |S| − 2. W.l.o.g., we may assume that
|A|¿ |B|.
Case 1: Suppose |S|¿ 5. Let S = {s1; s2; : : : ; st}. Since G is a maximal planar graph, we may
assume, w.l.o.g., that G contains subgraph shown in Fig. 1(a). Let R1 denote the interior of the
3-cycle xs1yx, for 16 i6 t−1, let Ri+1 denote the interior of the 4-cycles xsiysi+1x, let Rt+1 denote
the exterior of the 3-cycle xstyx. Note that every vertex of A∪B∪T lies in precisely one Ri for some
i; 16 i6 t + 1. By Lemma 2.2 |T |¿ 0, there exists a vertex v∈T . If v lies in Ri; 16 i6 t − 2,
since v is not adjacent to x or y, no short path exists from v to st , contradicting to the fact that G
has diameter two. If v lies in Rt−1; Rt or Rt+1, no short path exists from v to s1, and we again have
a contradiction.
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Fig. 1.
Case 2: Suppose |S|=4. Let S = {s1; s2; s3; s4}. Let v∈T , deFne R1; R2; R3; R4 and R5 as in Case
1. If v lies in R1 ∪ R2, no short path exists from v to s4, a contradiction. If v lies in R4 ∪ R5, no
short path exists from v to s1, again a contradiction. Therefore, every vertex of T lies in R3, and
the short path from v∈T to s4 must contain s3, and the short path from v to s1 necessarily contains
s2, i.e. N (s3) ⊃ T ∪ {s4; x; y} and N (s2) ⊃ T ∪ {s1; x; y} (see Fig. 1(b)).
Case 2.1: Suppose =5, then |T |¿ n+|S|−2¿ 10+4−2∗5¿ 4; N (s3) ⊃ T∪{s4; x; y}; d(s3)¿
7, a contradiction.
Case 2.2: Suppose =6, then |T |¿ n+|S|−2¿ 12+4−2∗6¿ 4; N (s3) ⊃ T∪{s4; x; y}; d(s3)¿
7, a contradiction.
Case 2.3: Suppose =7, then |T |¿ n+ |S| − 2¿ 13 + 4− 2 ∗ 7¿ 3 (see Fig. 1(c)).
Case 2.3.1: Suppose |T |¿ 5, then N (s3) ⊃ T ∪ {s4; x; y}; d(s3)¿ 5 + 3¿, a contradiction.
Case 2.3.2: Suppose |T |=4, then |A|+ |B|= n− |T | − |S| − 2¿ 13− 4− 4− 2=3. Recall that
|A|¿ |B|, we have |A|¿ 2. The short path from a∈A to v3 contains s3 or s2. W.l.o.g., we may
assume that it contains s3, then N (s3) ⊃ T ∪ {s4; x; y; a}; d(s3)¿ 4 + 4=8¿, a contradiction.
Case 2.3.3: Suppose |T |=3, then |A|+ |B|¿ 4. The short path from a∈A to b∈B contains s3 or
s2. W.l.o.g., we may assume that it contains s3, then N (s3) ⊃ T∪{s4; x; y; a; b}; d(s3)¿ 3+5=8¿,
a contradiction.
Case 3: Suppose |S|=3. Let S = {s1; s2; s3}. Let v∈T , deFne R1; R2; R3 and R4 as in Case 1. If
v lies in R1, no short path exists from v to s3, a contradiction. If v lies in R4, no short path exists
from v to s1, again a contradiction. Therefore, every vertex of T lies in R2 or R3. If v lies in R3, the
short path from v to s1 must contain s2. If v lies in R2, the short path from v to s3 must contain s2.
We may assume, w.l.o.g., that there are some vertices of T lie in R2. Hence N (s2) ⊃ T ∪ {s3; x; y}.
Case 3.1: Suppose =5, then |T |¿ n+ |S| − 2¿ 3; d(s2)¿ 3 + 3¿, a contradiction.
Case 3.2: Suppose =6, then |T |¿ n+ |S| − 2¿ 3 (see Fig. 2(a)). If |A|¿ 1, let a∈A be a
vertex in a triangular face with xs2, then N (s2) ⊃ T ∪{s3; x; y; a}; d(s2)¿ 3+4¿, a contradiction.
Therefore, |A|= |B|=0. But thus |T |= n−|A|−|B|−|S|−2= n−5¿ 12−5=7; N (s2) ⊃ T∪{s3; x; y},
d(s2)¿ 7 + 3=10, a contradiction.
Case 3.3: Suppose =7, then |T |¿ 9− ¿ 2.
Case 3.3.1: Suppose |T |¿ 5, then N (s2) ⊃ T ∪ {s3; x; y}; d(s2)¿ 5 + 3¿, a contradiction.
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Case 3.3.2: Suppose |T |=4, then |A| + |B|= n − |T | − |S| − 2¿ 13 − 4 − 3 − 2=4. Recall
that |A|¿ |B|, we have |A|¿ 2. Let a∈A be a vertex that is in a triangular face with xs2, then
N (s2) ⊃ T ∪ {s3; x; y; a}; d(s2)¿ 4 + 4¿, a contradiction.
Case 3.3.3: Suppose |T |=3, then |A| + |B|= n − |T | − |S| − 2¿ 13 − 3 − 3 − 2=5. Since
|A|6 − |S| − 1, we have |B|¿ 2. Let a∈A be a vertex in a triangular face with xs2 and b∈B
be a vertex in a triangular face with ys2, then N (s2) ⊃ T ∪ {s3; x; y; a; b}; d(s2)¿ 3 + 5¿, a
contradiction.
Case 3.3.4: Suppose |T |=2, then |A|= |B|=3 (see Fig. 2(b)). Since G is a maximal planar graph
and d(x)=d(y)=, s2a3; a3a2; a2a1; a1s1; s1b1; b1b2; b2b3; b3s2 ∈E(G). Now d(s2)=, a3v1; v1v2; v2b3
∈E(G). By an argument similar to that in Lemma 2.1, we have a contradiction. By Case 1–3, G
has diameter at least three.
In [1], Karen proved the following result:
Lemma 3.2. Let G be a maximal planar graph with maximum degree ¿ 5 and diameter two;
then =3 or 4.
Lemma 3.3. If G is a simple maximal planar graph with maximum degree =5; 6; 7; on n¿ 9 2()
vertices; then G has diameter at least three.
Proof (Case 1): =3. Suppose that there is a simple maximal planar graph G on n¿ 9 2() vertices
with maximum degree =5; 6; 7 and minimum degree three and diameter two. Let v∈V (G) with
d(v)= 3, N (v)= {v1; v2; v3}; e1 = v2v3; e2 = v1v3; e3 = v1v2 (see Fig. 3(a)). Since n¿ 9 2(), there
exists a vertex u∈V (G)−N [v] which is in a triangular face with one of ei, say e1. By Lemma 3.1,
G has diameter at least three, a contradiction.
Case 2: =4. Suppose that there is a simple maximal planar graph G on n¿ 9 2() vertices
with maximum degree =5; 6; 7 and minimum degree four and diameter two. By Lemmas 2.1 and
3.1, for any x; y∈E(G), there are exactly two vertices adjacent to both x and y. Let v∈V (G) with
d(v)= 4, N (v)= {v1; v2; v3; v4}; e1 = v4v1; e2 = v1v2; e3 = v2v3; e4 = v3v4. Let Su= {uj ∈V (G)−N [v]
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Fig. 4.
and uj is in a triangular face with one of ei; 16 i6 4} (see Fig. 3(b)). Since G has diameter two,
every vertex in V (G)− N [v]− Su is adjacent to at least one of vi.
Case 2.1: |Su|=1. We have n=6, a contradiction to n¿ 9 2().
Case 2.2: |Su|=2. We have 2¿d(v2)+d(v4)¿ n−7+10¿+5+3; ¿ 8, a contradiction.
Case 2.3: |Su|=3. We have 3¿d(v2) + d(v3) + d(v4)¿ n − 8 + 15¿ n + 7, n6 3 − 7.
For =5; n6 8, a contradiction to n¿ 9. For =6; n6 11, a contradiction to n¿ 11. For
=7; n6 14. If d(v3)=d(v4)= 7 (or d(v2)=d(v3)= 7) (see Fig. 4(a)), by Lemma 2.1, G has
diameter at least three, a contradiction. Since n¿ 12, the only possible case is d(v3)= 6; d(v2)=
d(v4)= 7 and n=13 (see Fig. 4(b)). Since G has diameter two, there exists a short path from w3
to v1, and since G is a plane, this path necessarily contains u1. This forces the short path from w2 to v4
and the short path from w4 to v2 to contain u1. Hence N (u1) ⊃ {w3; w4; w5; v4; v1; v2; w1; w2}; d(u1)¿ 8,
a contradiction.
Case 2.4: |Su|=4. We have 4¿d(v1)+d(v2)+d(v3)+d(v4)¿ n−9+20¿ n+11; n6 4−11.
For =5; n6 9, a contradiction to n¿ 9. For =6; n6 13. For =7; n6 17.
Case 2.4.1: =6.
Case 2.4.1.1: n=13 (see Fig. 4(c)). Since G has diameter two, there exists a short path from w2
to v4, and since G is a plane, this path necessarily contains u1 or w4 or u4. If it contains u1 or w4,
there is no short path from w1 to v3, a contradiction. If it contains u4, there is no short path from
w3 to v1, a contradiction.
Case 2.4.1.2: n=12 (see Fig. 4(d)). Since G has diameter two, there exists a short path from w2
to v4, and since G is a plane, this path necessarily contains u1 or u4. We may assume, w.l.o.g., that
it contains u1. Thus, there is no short path from w1 to v3, a contradiction.
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Case 2.4.2: =7. If d(v1)=d(v2)= 7 (or d(v2)=d(v3)= 7, or d(v3)=d(v4)= 7, or d(v4)=
d(v1)= 7), by Lemma 2.1, G has diameter at least three, a contradiction. Hence n6 15. If n=15
(see Fig. 5(a)), similar to Case 2.4.1.1, there is a contradiction. If n=14 (see Fig. 5(b)), similar
to Case 2.4.1.2, there is a contradiction. Hence the only possible case is n=13. Without loss of
genenality, we assume d(v1)= 7. If max{d(v1); d(v2); d(v3)}=6, similar to Case 2.4.1, there is a
contradiction. Now, the only possible case is d(v3)= 7 (see Fig. 5(c)) (notice that if d(v2)= 7 or
d(v4)= 7, by Lemma 2.1, G has diameter at least three). Since G has diameter two, there exists a
short path from w3 to v1, and since G is a plane, this path necessarily contains one of {u1; w1; w2; u2},
i.e., one of {w3u1; w3w1; w3w2; w3u2} must belong to E(G).
Case 2.4.2.1: Suppose that w3u1 ∈E(G) (see Fig. 5(d)), then the short path from w4 to v1 nec-
essarily contains u1. This forces the short path from u2 to u4 to contain u1. Now there is no short
path from w1 to v3, a contradiction. Hence w3u1 ∈ E(G). Similarly, we have w1u3 ∈ E(G).
Case 2.4.2.2: Suppose that w3w1 ∈E(G) (see Fig. 6(a)), by Case 2.4.2.1. w3u1 ∈ E(G) and
w1u3 ∈ E(G), there is no short path from u3 to u1, a contradiction.
Case 2.4.2.3. Suppose that w3w2 ∈E(G) (see Fig. 6(b)), by Case 2.4.2.1. w3u1 ∈ E(G), the short
path from u1 to u3 necessarily contains w2. Now there is no short path from w1 to v3, a contradiction.
Case 2.4.2.4. Suppose that w3u2 ∈E(G) (see Fig. 6(c)), similar to Case 2.4.2.3, we have a con-
tradiction.
Let
SG2(; n) = {G: G is a maximal planar graph on n vertices with diameter two
and maximum degree} (=5; 6 or 7):
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With the help of a computer, we construct all the graphs in SG2(5; 9), SG2(6; 11), SG2(7; 12),
and Fnd out SG2(5; 9)= {G9−1}, SG2(6; 11)= {G11−1; G11−2}, SG2(7; 12)= {G12−1; G12−2}, where
G9−1; G11−1; G11−2; G12−1; G12−2 are shown in Fig. 7. By Lemma 3.3. we have
Theorem 3.4. g2(5)= 9; g2(6)= 11; g2(7)= 12.
4. The maximum numbers of vertices in a planar graph with maximum degree ¡ 8
Lemma 4.1. Let G be a simple planar graph with maximum degree 466 7; on n vertices and
not a maximal planar graph. Suppose that x; y∈E(G) and there are t vertices of V (G) − {x; y}
adjacent to both x and y. If n¿+6 and t¿ 2 or n¿+5 and t¿ 3; then G has diameter at
least three.
Proof. Suppose that G has a maximal number of edges. Fix some embedding of G, so that G is
now a planar graph. We may assume that G contains a face of F of degree at least four. By the
maximality of G, if y; z ∈V (G) are incident with F , but are not consecutive vertices of F , either
(1) d(y)= or d(z)= (or both) or (2) d(y)¡ and d(z)¡, but yz ∈E(G). First suppose
that (2) occurs for some face F of G with d(F)¿ 4 and y; z ∈V (G) incident with F , but are not
consecutive vertices of F (see Fig. 8(a)). Then, since G is plane, {y; z} is a 2-vertex cut in G, and
the short path from a vertex in one component of G − {y; z} to a vertex in some other component
of G − {y; z} must contain y or z. Thus, every vertex of G − {y; z} is adjacent to y or z, and by
Lemma 2.2, G has diameter at least three, a contradiction. Therefore, we may assume that every
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face F of G of degree at least four and y; z ∈V (G) incident with F but not consecutive vertices
of F , either d(y)= or d(z)= (or both). In particular, this implies that every face of degree
at least four is incident with a vertex of degree . Let F be a face of G of degree at least four,
and let x∈V (G) be a vertex incident with F , with d(x)=. If y and z denote the neighbors of
x incident with F , then d(y)= or d(z)= (or both). W.l.o.g., we may assume that d(y)=.
Let w denote the other neighbor of y incident with F . Since F has degree at least four, w = z (see
Fig. 8(b)). Partition the vertices of V (G) − {x; y} into four classes as follows: A=N (x) − N [y],
B=N (y) − N [x], S =N (x) ∩ N (y) and T =V (G) − N (x) − N (y). It follows from the fact that G
is plane that at most one of w, z can be in S. Thus, we may assume, w.l.o.g., that z ∈ S.
Case 1: Suppose |S|¿ 4 (see Fig. 8(c)). Let S = {s1; s2; : : : ; st}. DeFne Ri (16 i6 t+1) as that in
Lemma 3.1 Case 1. By Lemma 2.2, |T |¿ 0, there exists a vertex v∈T . If v lies in Ri; 16 i6 t−1,
since v is not adjacent to x or y, no short path exists from v to z, a contradiction. If v lies in Rt or
Rt+1, no short path exists from v to s1, a contradiction.
Case 2: Suppose |S|=3 (see Fig. 8(d)). Let S = {s1; s2; s3}. By Lemma 2.2, |T |¿ 0. Let v∈T ,
deFne R1; R2; R3 and R4 as in Case 1. If v lies in R1 ∪ R2 then no short path exists from v to z, a
contradiction. If v lies in R4, then no short path exists from v to s1, again a contradiction. Therefore,
every vertex of T lies in R3. The short path from v to z must contain s3 and the short path from v to
s1 must contain s2. N (s3) ⊃ T∪{x; y; z}. If |B|6 1, then |T |= n−|A|−|B|−|S|−2¿+5−7=−2,
d(s3)¿−2+3=+1, a contradiction. Hence |B|¿ 2. Let b∈B. If b lies in R1∪R2, there exists
no short path from b to z, a contradiction. If b lies in R3, the short path from b to z must contain s3.
If b lies in R4, the short path from b to v must contain s3. Furthermore, the short path from b2 to any
vertex a∈A must contain s3. Hence N (s3) ⊃ T ∪A∪B∪{x; y}, d(s3)¿ n−|S|¿+5−3=+2,
a contradiction.
Case 3: Suppose |S|=2 (see Fig. 9(a)). By Lemma 2.1, |A|= |B|6 3, we have 66. Let
S = {s1; s2}. Recall that n= |A|+ |B|+ |S|+ |T |+2, d(x)= |A|+ |S|+16, d(y)= |B|+ |S|+16,
n¿+6; |B|6−3, 6 6; |T |= n−(|A|+ |S|+1)−|B|−1¿+6−−+3−1¿ 8−¿ 2.
Let v∈T , deFne R1; R2, and R3 as in Case 1. If v lies in R1, no short path exists from v to z. Hence
v lies in R2 or R3. If v lies in R2, the short path from v to z must contain s2. If v lies in R3, the short
path from v to s1 must contain s2. So N (s2) ⊃ T ∪{x; y; z} or N (s2) ⊃ T ∪{x; y; s1}; d(s2)¿ |T |+3.
Case 3.1: Suppose 65, then |T |¿ 8− ¿ 3, d(s2)¿ |T |+ 3¿ 6¿, a contradiction.
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Case 3.2: Suppose =6, then |A|= |B|=3. Let b∈B. If b lies in R1, no short path exists from
b to z. Hence b lies in R2 or R3.
Case 3.2.1: Suppose that there exists v∈T , which lies in R2. If b lies in R2, then bs2; s2z ∈E(G),
hence b∈N (s2). If b lies in R3, then bs2; s2v∈E(G), hence b∈N (s2). So, N (s2) ⊃ T ∪B∪{x; y; z},
d(s2)¿ 2 + 3 + 3=8¿, a contradiction.
Case 3.2.2: Suppose every vertex of T lies in R3, and there exists b∈B lies in R2, then the short
path from b to z contains s2. Hence N (s2) ⊃ T∪{x; y; s1; b; z}; d(s2)¿ 2+5=7¿, a contradiction.
Case 3.2.3: Suppose that every vertex of T ∪ B lies in R3, and there exists a∈A lies in R2, then
the short path from a to b contains s2. Hence N (s2) ⊃ T ∪ {x; y; s1; b; a}; d(s2)¿ 2 + 5=7¿, a
contradiction.
Case 3.2.4: Suppose that every vertex of T ∪ A ∪ B lies in R3 (see Fig. 9(b)). By an argument
similar to that in Lemma 2.1, we get a contradiction.
Lemma 4.2. Let G be a simple planar graph with maximum degree 466 7; on n vertices and
not a maximal planar graph. If =4; 5; 6 and n¿ + 6 or =7 and n¿ + 5; then G has
diameter at least three.
Proof. The proof is similar to that of Lemma 3.3.
Let
TG2(; n) = {G: G is a planar graph on n vertices with diameter two and
maximum degree  and G has a maximal number of edges}:
With the help of a computer, we construct all the graphs in TG2(4; 9); TG2(5; 10); TG2(6; 11), and
Fnd out
TG2(4; 9)= {G′9−1; G′9−2};
TG2(5; 10)= {G′10−1};
TG2(6; 11)= {G11−1; G11−2};
where G′9−1; G′9−2; G′10−1 are shown in Fig. 10. By Lemma 4.2 and Theorem 3:5, we have
Theorem 4.3. f2(4)= 9; f2(5)= 10; f2(6)= 11; f2(7)= 12.
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Table 1
A list for f2() and g2()
 f2() G2()
2 5 3
3 7 4
4 9 6
5 10 9
6 11 11
7 12 12
¿8 3=2 + 1 3=2 + 1
From [2], f2(2)= 5; f2(3)= 7; g2(2)= 3; g2(3)= 4; g2(4)= 6. Table 1 shows a list for f2()
and g2().
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